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The pion-pion scattering amplitudes provided by second-order chiral
perturbation theory are confronted with known rigorous constraints de-
rived from the axioms of quantum eld theory. We mainly test con-




S- and D-wave amplitudes in the unphys-
ical interval 0  s  4m
2

. These constraints impose signicant lower
bounds for a linear combination of coupling constants specifying the sec-
ond order chiral Lagrangian. The accepted value of this combination is
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1 Introduction
During the sixties and seventies much eort was invested in deriving
properties of scattering amplitudes which are exact consequences of the general
principles of quantum eld theory [1]. This program was pioneered by Andre
Martin and was very successful in the pion-pion case, the scattering of the
lightest hadrons. Analyticity properties, i.e. the fact that scattering amplitudes
are boundary values of analytic functions of two complex variables, constitute
one of the main tools provided by axiomatic eld theory. It implies the validity
of dispersion relations with a number of subtractions restricted by the Froissart
bound. The other tools are unitarity and crossing symmetry. Their interplay
leads to a wealth of constraints on the low energy pion-pion scattering [2]. We
call them \axiomatic constraints" as they follow from the axioms of quantum
eld theory.
A characteristic feature of the axiomatic constraints is that they do not
depend on any specication of the interactions going beyond the requirement
of crossing symmetry. Nowadays it is well established that the pion is a quasi
Goldstone boson associated with the breaking of chiral symmetry and the pion-
pion scattering amplitudes should reect the specicities of the dynamics of
such particles. This has been worked out in chiral perturbation theory (CPT),
which provides an approximate form of the low energy pion-pion amplitudes.
Our aim is to check whether this chiral Ansatz, i.e. the second-order one-
loop chiral amplitudes rst obtained by Gasser and Leutwyler [3], satises a
representative set of the axiomatic conditions. Surprisingly, this has not been
done until now, at least to the best of our knowledge.
The constraints we shall test restrict the shape of the pion-pion ampli-
1
tudes in a triangle  of the Mandelstam plane:
 = fs; t; u j 0  s  4m
2

; 0  t  4m
2











pion mass. As the chiral Ansatz is meant to provide a reliable approximation
of the pion-pion amplitudes at low values of s, t and u, it should verify our
conditions with a good precision. In fact, the chiral amplitudes are analytic
functions, they are exactly crossing symmetric and have positive absorptive
parts. The axiomatic conditions being consequences of these properties, they
might be expected to be satised automatically. This is not the case because
the chiral amplitudes grow asymptotically as s
2
and violate the Froissart bound
which is another ingredient of the axiomatic constraints. Since the chiral
Ansatz represents the rst terms of a low energy expansion, bad asymptotic
behavior can be expected. Our purpose is to determine whether the chiral
Ansatz, when restricted to its domain of validity, is compatible with the low
energy implications of the Froissart bound. The latter being the mark of a
local quantum eld, we are asking if quasi Goldstone bosons can be described
by such a eld.
Our constraints are inequalities which are linear in the amplitudes: they
enforce bounds on combinations of parameters appearing in the chiral La-
grangian. This implies that these quantities cannot be chosen at will if com-
patibility with general eld theoretic principles is required. In order to get a
rst insight into the nature of these restrictions, we apply the constraints to
the standard chiral perturbation theory dened by Gasser and Leutwyler [3].
This may as well be done for other versions of this theory, for instance the
\generalized chiral perturbation theory" proposed by Stern and his collabo-
rators [4]. In the case of the standard theory, we nd that a combination

l of second order coupling constants dened in (2.7) has to be larger than




l  21 [5]. The bound is respected and the order of magnitude of the
bound is not disproportionate to the actual value of

l. This is of importance
because it proves that the restrictions imposed by the constraints are relevant,
a fact which could not have been asserted beforehand. A sum rule requiring a
phenomenological input accounts for the dierence between the experimental
value of

l and its axiomatic lower bound.
Since the axiomatic constraints are a rather old topic, we nd it worth-
while to start with an outline of their sources. This is done in Section 2. The




amplitude is also displayed in this Sec-
tion and rst co conditions on S and P waves and bounds for

l are obtained,
taking into account the uncertainties due to unknown third-order corrections.
The sum rule which has just been mentioned is also discussed in this Section.





D-waves. Our conclusions are presented in Section 5.
2 Axiomatic properties of pion-pion scattering
We rst recall the basis of the rigorous properties of the pion-pion am-
plitudes we shall exploit [1]. These properties hold in the triangle  dened
in (1.1) where the amplitudes are real and satisfy the crossing conditions
T
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(s; u; t): (2.1)
T
I






are crossing matrices [2]. At each point of , T
I
(s; t; u) is given by three
dispersion relations evaluated either at xed s, xed t or xed u. These re-
lations result from exact analyticity properties: the Froissart bound ensures
3
that only two subtractions are needed. The xed-t dispersion relations have
































































(s; t) = ImT
I




If (s; t; u) 2 , T (s; t; u) is also given by a xed-s or a xed-t dispersion relation
obtained from (2.2) by suitable substitutions. An important property of the
absorptive parts is that they are positive for 0  t < 4m
2

. This follows from






























for z  1. Our constraints are consequences of the twice subtracted dispersion
relations, the positivity of the absorptive parts and crossing symmetry. They
restrict the shape of the amplitudes T
I

















). The second-order chiral Ansatz of this
amplitude is [3, 6]
T




































is the pion decay constant. We treat 
as an expansion parameter :  = 0:0448 if one takes m

= 140 MeV and
F

= 93:2 MeV. In (2.5) and in the following the variables s; t; u are measured
in units of m
2

. Our normalization of scattering amplitudes diers from the





Weinberg amplitude. The rst square bracket gives the nite part















This form is adapted to the unphysical values 0  s  4. The second square
bracket in (2.5) comes from the tadpoles and second-order trees. The constants

















































amplitude T (s; t; u) satises a simple version of the dispersion
relation (2.2):
























absorptive part: it is positive for s  4,
0  t < 4.





scattering and we want to know the conditions under
which they are obeyed by the chiral amplitude T

. More precisely, we assume




) terms in the triangle :
T (s; t; u) = T

(s; t; u) +O(
3
); (s; t; u) 2 : (2.9)
5
If the amplitude T satises an axiomatic condition it can be violated by T

to
an order of magnitude xed by equation (2.9). Clearly, we have no control of
the third order corrections within the present context. The actual size of the
O(
3
) term in (2.9) could well be 
3
times a relatively large factor.
The axiomatic constraints we shall use follow from analyticity, positivity
of absorptive parts and crossing. These conditions being linear-convex and
homogeneous, they constrain only the shape of the amplitudes and not their
size. However, by including nonlinear aspects of unitarity, it has been possible




amplitude [7]. These bounds
are remarkable in that they have to hold independently of the details of the
dynamics, whenever the I = 0 and I = 2 mass spectra start at 2m

(absence
of two pions bound states). The most stringent bounds are
T (3; 2; 1) >  1:30; T (4=3; 4=3; 4=3) < 2:70: (2.10)
With  = 0:0448 and reasonable values of  and , T

is of the order of a
percent of the bounds. This means that the chiral Ansatz describes a pion-pion
interaction which is weak at the scale dened by the axiomatic bounds (2.10).
It is precisely one of the achievements of current algebra and CPT to explain
the smallness of the pion-pion interaction.
From now on we consider only constraints derived from the linear and
homogeneous conditions of analyticity, positivity and crossing. They leave the
rst-order Weinberg amplitudes completely free. This comes from the fact
that these amplitudes are linear in s, t and u and that the arbitrariness in the
subtraction constants in (2.2) leaves crossing symmetric linear terms of the full
amplitudes T
I
undetermined. Consequently, all conditions we shall examine
test exclusively the second-order chiral Ansatz.
As already mentioned in the introduction, the constraints lead to bounds






being determined by the loop and tadpole terms. To establish the relevance




amplitude T (s; t; u). It tells us that the symmetry point s = t = u = 4=3 is an
absolute minimum of T [8]. In fact T

has an extremum at this point because
of crossing symmetry. Inspection of (2.5) shows that it will be a maximum,
instead of a minimum, if  is large and negative. Therefore  has to be larger
































In so far as the second-order derivatives of the O(
3
) term in (2.9) are also
O(
3
), the symmetry point will be a minimum of T if

l > 3:4 + 6O() = 3:4 +O(0:8): (2.12)




= 0 is excluded: second-order trees have to be
included in the chiral Lagrangian in order to get an Ansatz which is compatible
with the axiomatic constraints.
The actual value of

l quoted in the introduction,









= 6:1  0:5 [5]. It is compatible with (2.12) and,
as announced, the order of magnitude of the bound is comparable with this
accepted value.












(s). The rst set restricts the shape of f
0
on the interval [0; 4] through the
signs of its derivatives. The second set consists of inequalities relating the
values of f
0
at two points of [0; 4]. For 0  s  4, f
0









dt T (s; t; u): (3.1)
7
The constraints on the derivatives follow directly from properties of
T (s; t; u) implied by the dispersion relation (2.8) and the positivity of A(x; t).


















> 0 for 0 < s < 1:7: (3.4)
These conditions show that f
0
has a minimum in the interval (1:217; 1:697):
this minimum is clearly a reexion of the minimum of the full amplitude at
the symmetry point.




































  16s + 32) + 

: (3.5)
We ask if this Ansatz satises the conditions (3.2-4) as it stands, ignoring
the O(
3
) corrections in (2.9). As in the case of the full chiral amplitude, f

0
will have a maximum instead of a minimum if  is too negative. The minimum
value of  is determined by the shape of the loop contribution, given by the
rst square bracket in (3.5). This contribution is found to satisfy conditions
(3.2) and (3.5) but it marginally violates condition (3.3) because its minimum
is slightly above s = 1:697, at s = 1:701. The polynomial in the second
square bracket, coming from the tadpoles and second-order trees, has its own




into the allowed interval: this corresponds to

l > 6:63: (3.6)
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l varies between 0 and 8. Fig. 3.2 shows f

0




Our ndings about the loop term are instructive because the loop con-
tribution to the full amplitude veries all the required exact properties except
the Froissart bound and its S-wave projection violates the conditions (3.2-4)
only weakly. This shows that the axiomatic constraints are not necessarily
very sensitive to wrong asymptotic behavior. In the present case, the practical
eect of these constraints is to impose correct behavior of the tree and tadpole
contributions. Note that the third-order corrections introduce an uncertainty
O(1:7) into (3.6).
The constraints relating the values of f
0
(s) at two points in [0; 4] are
obtained by eliminating the subtraction constant (t) in (2.8). Projecting this
dispersion relation onto the t-channel S-wave f
0
(t) gives an equation relating
(t) and f
0












dxA(x; t)F (x; s; t); (3.7)
with


























dx [A(x; t)F (x; s; t) A(x; s)F (x; t; s)] : (3.9)





(t) > 0 (3.10)
holds for every pair (s; t) such that
F (x; s; t) > 0 and (F (x; s; t)  F (x; t; s)) > 0 for x  4 if t > s;
9
(3.11)
F (x; t; s) < 0 and (F (x; s; t)  F (x; t; s)) > 0 for x  4 if s > t:
The inequality A(x; s) > A(x; t), valid if 4 > s > t  0, has been taken
into account: it results from (2.4). The rst known inequalities (3.10) [9] have
been obtained from the more restrictive condition
F (x; s; t) > 0 and F (x; t; s) < 0 for x  4: (3.12)
We have computed anew the domain of the (s; t)-plane dened by the condition
(3.12) and determined the signicantly larger domain dened by condition
(3.11). The result is displayed in Fig. 3.3.
The assumption (2.9) implies that the inequality (3.10) imposes the fol-










Using the expression (3.5) of f

0
, we see that (3.13) is equivalent to an
inequality of the form
a(s; t)

l  b(s; t) > O(); (3.14)
where a(s; t) > 0 and we consider those pairs for which b(s; t) > 0. These
give lower bounds for

l. It turns out that the loop term in (3.5) satises all
the inequalities arising from the strong condition (3.12). This means that the
lower bounds produced by these inequalities are smaller than 6. The pair
s = 2:30, t = 1:08, is an example verifying (3.11) and not (3.12) and leading
to an equality (3.10) slightly violated by the loop term. With a = 0:0097 and
b = 0:0588, this gives

l > 6:1 +O(5): (3.15)
The large uncertainty in this lower bound comes from the fact that, for rea-
sonable values of







(t)) is small compared with 
2
10
and is, in fact, O(
3
). Therefore a is small and the ratio =a is large. All
inequalities leading to interesting ratios b=a follow this trend. Furthermore
the precise numbers appearing in bounds like (3.15) depend on the ne details
of the chiral Ansatz. There are pairs which lead to slightly larger bounds but
s and t are very close in these pairs and it would be unrealistic to assume that






(t)) is eectively of order 
3
. Assuming that the





), we may safely suppose that
the correction to the dierence is O((s  t)
3
). If we adopt this procedure, the
pair s = 1:720, t = 1:675 with a = 0:000388 and b = 0:00255 gives the largest
lower bound combined with a relatively small uncertainty:

l > 6:6 +O(5): (3.16)
Although the bounds (3.15) and (3.16) are not disportionate to the phe-
nomenological value of

l, the dierence between this value and the bound nev-
ertheless is relatively large and has to be explained. Comparing the equality
(3.9) and the inequality (3.10) we see that this dierence is determined by the
integral in the right hand side of (3.9). This integral cannot be evaluated with
the help of the chiral Ansatz alone and the explanation we are looking for has
to be based in part on the phenomenological analysis of pion-pion scattering.
In other words we are no longer confronting the chiral Ansatz with rigorous
constraints alone but are using (3.9) as a sum rule. To estimate the right
hand side of (3.9) we cuto the integral at an energy of 1400 MeV (x = 100)

























We expect D(s; t) to be a good approximation of the right hand side
11
integral of (3.9). In fact, if (s; t) veries (3.11), D(s; t) is smaller than this
integral and we have an improved version of (3.14):
a(s; t)





D(s; t) +O() (3.18)
To evaluate D(s; t) we take the phase shifts obtained from the chiral
Ansatz between threshold and 600 MeV according to the procedure described
in [6], for the central values of the coupling constants [5, 6]. Above 600 MeV
and up to 1400 MeV where the chiral amplitudes can no longer be trusted and
we take the I = 0 phase shift adopted by the Particle Data Group[11] and the
I = 2 phase shift given by B. R. Martin et al.[12]. We nd D(2:30; 1:08) =
2:31  10
 4
and D(1:720; 1:675) = 8:69  10
 6
. These results lead to the
following lower bounds which, according to (3.18) replace (3.15) and (3.16):

l > 17:9 +O(5)

l > 17:7 +O(5) (3.19)
The coincidence of these two bounds obtained from quite dierent (s; t)-
pairs is striking. It supports the assumption that D(s; t) is a good approxi-
mation of the integral in (3.9). This allows us to turn the inequalities (3.19)
into approximate equalities, that is into approximate versions of the sum rules
(3.9). Dropping the third order corrections we notice that the second order
chiral Ansatz is not quite consistent with the sum rules: the right hand side
has been evaluated assuming

l = 21. We shall not enter into a detailed analysis




. We limit ourselves
only to the conclusion that matters here: the size of D(s; t) which forces

l to
be substantially larger than the rigorous lower bounds (3.15) and (3.16).





produces inequalities involving the I = 0, 1 and 2 S- and P - waves [13]. We
12





























mandatory in order to ensure a vanishing contribution of the rst-order linear
amplitudes. After insertion of the chiral Ansatz of the S- and P -waves, the













































  0:0764 > O(): (3.21)




l > 2:3 +O(1:3): (3.22)
This bound is weaker than the preceding ones. It may be that the uncertainty
is underestimated because it is a combination of the 
3
-corrections of the six






The partial waves l  2 do not have the same status as the S- and
P -waves. The reason is that the twice-subtracted xed-s dispersion relations
lead to a Froissart-Gribov representation for these higher partial waves, which























































Positivity immediately implies that f
2
(s) as given by (4.1) is positive on [0; 4].
Moreover, it has been shown that df
2
(s)=ds is negative for 1:435  s < 4 [14].
The loop contribution to the chiral D-wave is marginally in conict with
these constraints, being slightly negative above s = 2:71. It is found that f

2
has the correct shape if

l > 7:85. Although this is our largest rigorous lower
bound, it is not really useful because there is no reliable way of estimating the
uncertainty coming from the third-order D-wave corrections. The shape of f

0
for various values of

l is shown in Fig. 4.1.
Apart from the properties of the D-wave alone, there are two known sets




S- and D-waves [15]. The inequalities
of the rst set are of the form
(4.3)
for appropriate pairs (s; t), C(s; t) being a known function. These inequalities
again provide bounds for

l but they do not improve our previous results.
The second set of constraints gives upper or lower bounds for theD-wave
at given points in terms of the dierence of the S-wave between two points:
(4.4)
These inequalities impose lower bounds on

l as well as upper bounds. The
lower bounds are weaker than the previous ones and the upper bounds are too
large (O(1000)) to be of any interest. The real strength of the inequalities





S-wave is given. This phenomenon has already been recognized by Martin in a
14
general context [15]. In our case, with

l = 21, we obtain an impressive picture,
displayed in Fig. 4.2. The chiral S-wave denes gates through which the D-
wave must pass. The gates located below s = 1 are very narrow. The chiral
D-wave passes through all the gates, often close to the lower edge. Therefore




S- and D-waves obey all the constraints (4.4).
This picture remains qualitatively unchanged if the value of

l is reduced. It is
only for

l = 3:7 that one of the bounds starts to be violated. The constraints
(4.4) also impose correlations on the third-order corrections, due to the fact
that the width of the narrow gates is a fraction of 
3
, as shown in Table 4.1.
Thus, one may expect third-order S-wave corrections to be larger than the
widths of the narrow gates: they will be shifted by these corrections and the
D-wave must comply with these shifts.
5 Conclusions
We have checked whether the second-order chiral pion-pion amplitudes obey a
set of known axiomatic constraints. We have found that this is the case as long
as the value of the combination

l of second-order coupling constants is larger
than about 6. As

l  21, the constraints are actually satised. It is remarkable




constraints are nearly equal, and slightly larger than 6. This arises from the
fact that the loop terms either obey the constraints or violate themmarginally.
In the latter case, a small positive  removes the violation. Since  =

l   6
is the coecient of polynomials in (2.5) and (3.5) coming from tadpoles and
second-order trees,   0 essentially means that the trees nearly cancel the
tadpoles. A sum rule involving data at energies which are above the domain of
validity of the chiral Ansatz shows that

l has to be substantially larger than its
axiomatic lower bound. It is remarkable that the constraint (3.20), involving
15













practically xes the D-wave below s = 1 by means of a set of axiomatic
constraints. Surprisingly, the second-order chiral D-wave agrees completely
with all the conditions imposed by the S-wave if

l is large enough. This implies
strong correlations between the third-order S- and D-wave corrections.
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Table Caption






















= 0 ( = 21), for
s 2 [0; 4] and various values of

l =  + 6 with the two vertical lines
delimiting the position of the axiomatic minimum following from (3.2-
4).

















=  58:5 [5, 6].
Fig. 3.3 The domains of pairs (s; t) for which an inequality (3.10) holds true.
The black domain contains the pairs satisfying the condition (3.12). The
domain in grey are the extensions obtained by replacing (3.12) by (3.11).




D-wave on the interval [0; 4] for various values of

l.









S-wave according to the inequalities (4.4) for

l = 21. The orienta-
tion of the arrows distinguishes the upper from the lower bounds. The




















1.000 6.58737 6.76339 9.11861
1.200 5.57584 5.69112 9.9305
1.400 4.54194 4.7524 10.4335
1.435 3.53843 4.60094 10.4899
1.500 3.96047 4.32754 10.5696
1.600 3.43562 3.92992 10.6285
1.800 0.930242 3.21038 10.5136
1.900 0.286525 2.88582 5.05084
1.950 0.475615 2.73184 4.30503
2.000 0.708817 2.5832 3.88746
2.050 0.883305 2.4398 3.59493
2.100 1.19199 2.3015 3.36535
2.288 1.62780 1.82527 6.10339
2.500 1.11638 1.36613 5.35527
2.857 0.30435 0.76178
3.000 0.54121 2.8277
3.102 0.45797 6.59616
3.106 0.45371 1.00908
Table 4.1
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